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Abstrat
In literature, surfae tension has been investigated mainly from a thermodynami standpoint,
more rarely with kineti methods. In the present work, surfae tension in drops is studied in
the framework of kineti theory, starting from the Sutherland approximation to Van Der Waals
interation between moleules. Surfae tension is alulated as a funtion of drop radius: it is
found that it approahes swiftly an asymptoti value, for radii of several times the intermoleular
distane. This theoretial asymptoti value is ompared to experimental values for a few liquids,
and is found in reasonable agreement.
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I. INTRODUCTION
The eet of urvature on surfae tension has been investigated widely in the 50's, but
mainly within the framework of Thermodynamis (see, e.g., [1, 2℄). Some studies have taken
the point of view of kineti theory [3, 4℄. More reent work investigates surfae tension,
in plane geometry, from the point of view of kineti theory, making use of the Sutherland
potential [5℄; still muh work is being done taking the Thermodynamis standpoint (see for
instane [6, 7, 8℄). In the present work the problem is studied through kineti equations
derived in the following simplifying assumptions:
1) Free volume method [1℄. This approximation an also be bettered inluding the
moleular exhange with the surrounding atmosphere [9℄. This eet might form the objet
of subsequent work.
2) Unorrelated moleules. This assumption is ditated by two onsiderations: rst,
the double distribution funtion (or pair distribution funtion, as it often referred to) is not
well known as it an be alulated exatly only for extremely simplied situations. Albeit
it is almost invariably alled upon, still the assumptions made to alulate it are often suh
as to render its benets very limited; seondly, the importane of orrelation an be judged
from the ratio γ between the potential energy at the average intermoleular distane and
the average kineti energy of moleules [10, 11℄:
γ =
Φ(r0)
3
2
KBT
(1)
The intermoleular distane an be estimated, as usual, from the number density n as
n
1
3
. As will be shown in setion IV, where γ is alulated for several ases, this ratio is of
order unity, as might have been expeted: therefore, orrelation between moleules might
play some role. However, it will be negleted here as a rst approximation.
3) Constant density. The number density will be onsidered onstant with radius: this
approximation might turn out questionable at the interfae, partiularly in view of the fat
that surfae tension is, after all, an interfae eet. This assumption will be made here, as
a rst approximation, and then reviewed in ommenting the results.
4) Sutherland potential. The intermoleular Van der Waals fores are modeled with
the Sutherland potential. This assumption ould be bettered using the full Lennard-Jones
potential, however at the ost of greater mathematial diulties; on the other hand, it an
2
be argued that the error introdued using the Sutherland potential, with suitable parameters,
is a reasonable prie to pay for the mathematial simpliation, whih allows solution in
losed form. As will be shown in the last setion, the results obtained are in very reasonable
agreement with experimental data.
In the following setions, a simple method will be derived within the approximations
disussed above, to obtain a simple expression for the surfae tension as a funtion of radius.
As the radius beomes larger, the value of surfae tension approahes that of a plane surfae.
Calulations presented for several dierent liquids, in the large radius limit, are onsistent
with experimental results for plane surfaes.
II. GOVERNING EQUATIONS
Consider a spherial droplet of radius R entered in the point O, and a point P at a
distane r from O, with r∈ [0,R℄. A system of spherial oordinates an be dened, with
origin in P and the O-P diretion as the polar axis, as depited in Fig. 1. The ϕ=0 half-plane
an be hosen arbitrarily, due to the spherial symmetry of the system.
Figure 1: Geometry of the problem - setion of the droplet on the half-plane ϕ=0
Any point Q within the drop that lies on the ϕ=0 half-plane an then be desribed
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uniquely with the pair of oordinates ρ and ϑ (or µ = cosϑ) as dened in Fig. 1.
If fores between partiles are purely entral fores, i.e., depending only on a given power
α of the distane, then the fore due to the attration of a partile in Q on the partile in
P an be written as
FQP =
G
ρα
ρˆ (2)
as it is direted from P to Q. In spherial oordinates, the half irle on the ϕ=0 half-plane
depited in Fig. 1 is desribed by the equation
ρ =
√
(µr)2 + (R2 − r2)2 − µr (3)
or equivalently
µ =
(R2 − r2)− ρ2
2rρ
(4)
therefore the domain orresponding to the intersetion of the drop with the half-plane is
dened as
µ ∈ [−1, 1] ; ρ ∈
[
0,
√
(µr)2 + (R2 − r2)2 − µr
]
(5)
or equivalently
ρ ∈ [0, R + r] ; µ ∈
[
−1, min
{
1,
(R2 − r2)− ρ2
2rρ
}]
(6)
If there are n (r1) partiles per unit volume (due to the spherial symmetry the density an
only depend on the radial position r1, and this an be expressed in terms of r, ρ and µ), in
a volume element dV (expressed in spherial oordinates) at loation (ρ, µ, ϕ) there are a
number of partiles given by
ndV = n (r1 [r, ρ, µ]) ρ
2dρdµdϕ (7)
exerting on the partile in P a fore dF
dF =
G
ρα
ndV = Gn (r1) ρ
2−αdρdµdϕ (8)
The z-omponent of dF is
dFz = dF cosϑ = Gn (r1) ρ
2−αµdρdµdϕ (9)
and in the same vein the omponent perpendiular to z:
dF⊥ = dF sin ϑ = Gn (r1) ρ
2−α
√
1− µ2dρdµdϕ (10)
4
The rst an be integrated readily with respet to ϕ, yielding∫
2pi
0
dFz = 2piGn (r1) ρ
2−αµdρdµ (11)
As for the seond, some further disussion is appropriate. To evaluate the surfae tension
one an proeed as follows: imagine utting the drop in two halves, eah one exerting a
ertain amount of attration on the other. Consider now a moleule that is lying right on
the edge of one half drop, say at the intersetion of the polar axis with the drop surfae.
The omponent perpendiular to the axis, and lying on on the ϕ = 0 plane, of the fore
ating on this moleule that is due to an element of volume at loation (ρ,ϑ,ϕ) is given by
dF⊥ cosϕ = Gn (r1) ρ
2−α
√
1− µ2dρdµ cosϕdϕ (12)
The tangential fore dFT ating on this moleule due to all elements with oordinates (ρ,ϑ),
is given by the integral over ϕ of dF⊥ cosϕ in one of the halves of the drop, e.g., for
ϕ ∈
[
−pi
2
, pi
2
]
:
dFT =
∫
+
pi
2
−
pi
2
[
Gn (r1) ρ
2−α
√
1− µ2dρdµ
]
cosϕdϕ = 2Gn (r1) ρ
2−α
√
1− µ2dρdµ (13)
To alulate the total tangential fore on the moleule, the above expression is to be inte-
grated over ρ and µ. In the following the density will be onsidered onstant, as disussed
in point 3) in the introdution. Realling the expression for the domain in Eq. (6), noted
that in this ase r = R, the following integral is obtained:
FT
2nG
=
∫
2R
D
ρ2−αdρ
∫ −ρ
2R
−1
√
1− µ2dµ =
1
2
∫
2R
D
ρ2−α
{
arcsin
(
−ρ
2R
)
−
ρ
2R
√
1−
( ρ
2R
)2
+
pi
2
}
dρ
(14)
Here D is the distane of minimum approah, as will be disussed in the next setion.
III. SOLUTION WITH VAN DER WAALS TYPE FORCES
Van der Waals interations are usually represented as a Lennard-Jones potential [12℄
ULJ (r) = 4ε
[(σ
r
)12
−
(σ
r
)6]
(15)
This last an be approximated by a Sutherland potential [12℄, usually written as
US (r) =

 ∞ r < D−A (D
r
)ω
r ≥ D
(16)
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with suitable hoie of the (positive) onstants ω, A and D. A ondition typially imposed
is to onserve the asymptoti behavior of ULJ, whih entails ω = 6 and A · D6 = 4ε · σ6;
a seond ondition an be hosen as follows: the rest position of a partile in the eld of
another partile is the bottom of the potential well, therefore it seems reasonable to hoose
the onstants so that this position is the same in the two ases. Therefore, D = σ ·2
1
6
. With
the above positions the Sutherland potential beomes
US (r) =

 ∞ r < D = σ · 2
1
6
−ε
(
D
r
)ω
r ≥ D = σ · 2
1
6
(17)
This potential is depited in Fig. 2. This orresponds to the present model for the fore Eq.
(2), with ϕ=7 and
G = 6εD6 (18)
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Figure 2: Shematized Sutherland potential
In the Sutherland approximation, D is the distane of minimum approah, the lower limit
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of the integral in Eq. (14). Calulating that integral, and realling the expression for G in
Eq. (18), the following expression is obtained for the tangential fore ating on a moleule:
FT =
3
2
nεD2

arcsin
(
−D
2R
)
+
D
2R
√
1−
(
D
2R
)2 [
1− 2
(
D
2R
)2]
+
pi
2

 (19)
The number of moleule per unit length an be estimated as n
1
3
. Therefore the fore per
unit length an be alulated as
Tsur (R) =
3
2
n
4
3 εD2

arcsin
(
−D
2R
)
+
D
2R
√
1−
(
D
2R
)2 [
1− 2
(
D
2R
)2]
+
pi
2

 (20)
The graph of the redued surfae tension
Tsur
3
2
n
4
3 εD2
as a funtion of
2R
D
, the drop diameter in
units of D, is shown in Fig. 3
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Figure 3: Redued surfae tension vs. drop diameter in units of D
As an be gathered from the graph, the surfae tension approahes rapidly the limiting
value of as the drop diameter grows to only a few tens of times D.
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IV. COMPARISON WITH EXPERIMENTAL DATA
Limiting values of surfae tension for large radii have been alulated from Eq. (20) for
several liquids, and ompared with known experimental values for plane surfaes. The results
are shown in Table 1. As an be gathered from the data reported, the agreement is quite
good for suh a qualitative approah, being always within a fator of 2 to 3 (3.4 for water).
As the results depend on the parameters of the Sutherland potential, agreement might be
improved by a dierent hoie, the one hoie made here being somewhat arbitrary albeit
reasonable. In [15℄, for instane, detailed alulation and omparison with Lennard-Jones
parameters is reported for several inert gases.
On the other hand, the density is indeed essentially onstant throughout the drop exept
near the boundary, where it is generally found to derease [1, 5, 16, 17, 18, 19, 20℄. As
the layers lose to the boundary give the main ontribution to the integral in Eq. (14), the
atual density prole should be onsidered in the integration. This will form the objet of
a subsequent work, for the present the following view will be taken: in the literature, the
density is always shown to derease rather abruptly near the interfae, taking a relative
value at the interfae of roughly one half the bulk value. Therefore, introduing the atual
density in the integral will derease this latter by a fator that is between 0.5 and 1. On
the other hand, in alulating the number of moleules per unit length at the surfae, the
value of density at the surfae must be onsidered; altogether then, adding the two eets,
the result hanges by a fator of between 0.4 and 0.8, whih is the right magnitude to oer
the orretion needed to reonile alulated values with those found experimentally.
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V. CONCLUSIONS
As antiipated in the introdution, aim of this work was to propose a simple equation for
alulating surfae tension in drops as a funtion of radius. The result is in very reasonable
agreement with the experiment. This result was obtained in the simplifying assumptions
disussed in the introdution. Aurate desription of the density prole is needed to improve
ondene in the results yielded by the method proposed.
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